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Quantum mechanics is compatible with scenarios where the relative order between two events
is indefinite. Here we show that two instances of a noisy process, used in a superposition of two
alternative orders, can behave as a perfect quantum communication channel. This phenomenon occurs
even if the original processes have zero capacity to transmit quantum information. In contrast, perfect
quantum communication does not occur when the message is sent along a superposition of paths, with
independent noise processes acting on each path. The possibility of perfect quantum communication
through noisy channels highlights a fundamental difference between the superposition of orders in
time and the superposition of paths in space.
Introduction.– The framework of information theory
was established in the seminal work of Claude Shannon
[1], who laid the foundations of our current commu-
nication technology. In his work, Shannon modelled
the devices used to store and transfer information as
classical systems, whose internal state can in principle
be determined without errors, and whose arrangement
in space and time is always well-defined. At the funda-
mental level, however, physical systems obey the laws
of quantum mechanics, which in principle can be ex-
ploited to achieve communication tasks that are im-
possible in classical physics [2–4]. Quantum commu-
nication tasks are being implemented with increasingly
sophisticated technology and have already been demon-
strated in a variety of scenarios [5–8]. The ability of
quantum channels to transmit information has been
quantified by various types of capacities, such as the
classical capacity [9, 10], the quantum capacity [11–13],
and the entanglement-assisted capacity [14, 15]. By now,
the theory of communication with quantum systems is
a rich and throughly developed discipline, known as
quantum Shannon theory [16, 17].
The standard model of quantum Shannon theory gen-
erally assumes that the available communication chan-
nels are used in a definite configuration. In principle,
however, quantum mechanics allows for scenarios where
the configuration of the communication channels is in
a quantum superposition. For example, a photon could
travel through a superposition of different paths [18, 19],
offering an opportunity to filter out some of the noise
affecting the transmission [20]. More recently, it has
been observed that the superposition can also involve
the order of the channels in time, in a scenario known
as the quantum SWITCH [21]. In the quantum SWITCH
the relative order of two channels becomes indefinite,
giving rise to a feature called causal non-separability
[22–24]. In recent years, the applications of the quantum
SWITCH and other causally non-separable processes
have attracted increasing interest, leading to the discov-
ery of quantum advantages in various tasks, such as
testing properties of quantum channels [25, 26], winning
nonlocal games [22], and reducing quantum commu-
nication complexity [27]. Experimental realizations of
the quantum SWITCH have been recently proposed in
various photonic setups [28–30]. The quantum SWICH
also admits more exotic realizations, which could take
place in new physical regimes involving quantum su-
perpositions of spacetimes [31] or closed timelike curves
[21].
The extension of quantum Shannon theory to scen-
arios involving the superposition of orders has been
recently initiated by Ebler, Salek, and one of the authors
[32, 33]. In [32] they showed that a quantum channel
with zero classical capacity can gain a non-zero classical
capacity when used twice in a superposition of two or-
ders, a phenomenon that they called causal activation.
Recently, causal activation has been observed experi-
mentally in a photonic setup [34]. A natural question
is whether causal activation can take place also for the
quantum capacity [11–13], a quantity of primary im-
portance for applications in quantum cryptography and
distributed quantum computing. Some advantages of
indefinite causal order in quantum communication were
shown in [33], including the ability to achieve noise-
less heralded quantum communication with completely
dephasing channels. However, heralded quantum com-
munication can only be used to transmit quantum states
involving entanglement among a few particles, because
the probability of successful transmission decays expo-
nentially with the number of particles. As a consequence,
heralded quantum communication does not guarantee a
reliable transmission of entanglement over many uses of
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2the channel, i.e. it does not guarantee a positive quantum
capacity. Whether indefinite causal order can lead to
activation of the quantum capacity has thus remained
as an open question.
Here we answer the question in the affirmative, show-
ing that indefinite causal order can activate the quantum
capacity in the strongest possible way: an entanglement-
breaking channel, which in normal conditions cannot
send any quantum information, becomes a perfect com-
munication channel when two uses of it are employed in
a superposition of two different orders. In other words,
not only the quantum capacity is positive, but also it
is as large as it could possibly be given the size of the
input.
Remarkably, maximal activation of the quantum ca-
pacity cannot be achieved by sending information in a
superposition of paths. As long as the noisy processes
happening on the paths are independent, a superposi-
tion of noisy channels cannot give rise to a perfect com-
munication channel. This observation highlights a fun-
damental difference between the superposition paths in
space and the superposition of orders in time induced by
the quantum SWITCH. Concretely, our example of max-
imal activation involves two uses of the entanglement-
breaking channel EXY(ρ) = XρX/2 + YρY/2, corres-
ponding to a uniform mixture of the Pauli X and Y
rotations. When two instances of such cannel are com-
bined in a superposition of orders, the resulting channel
has maximal quantum capacity, equal to one qubit of
communication per use of the channel. We characterize
the set of qubit channels that give rise to such extreme
form of activation, showing that our example is unique
up to changes of basis. We conclude with a no-go res-
ult, showing that no channel with zero-classical capacity
can be activated by the quantum SWITCH. Our result
implies that the activation of the classical capacity is
mutually exclusive with the activation of the quantum
capacity.
Preliminaries. A general quantum process, transform-
ing an input system A with Hilbert space HA into an
output system B with Hilbert space HB, is described
by a quantum channel, namely a linear, completely
positive, trace-preserving map from L(HA) to L(HB),
L(H) denoting the space of linear operators from a Hil-
bert space H to itself. The set of density operators
on the Hilbert space will be denoted as D(H). The
action of a generic quantum channel E on an input
state ρ ∈ D(HA) can be expressed in the Kraus rep-
resentation as E(ρ) = ∑i EiρE†i , where the Kraus op-
erators Ei : HA → HB are linear operators satisfying
∑i E†i Ei = IA, IA being the identity operator on HA.
For a single use of the channel E , its capacity to
transfer classical information from the input to the
output is upper bounded by the Holevo quantity [9]
χ(E) = max(px ,ρx)x∈X S(∑x px ρx) − ∑x px S(ρx), where
Figure 1. (Color on-line) (a1) Two communication channels
E and F are used in series with channel E occurring in the
causal past of channel F . (a2) Channels E and F are used in
series, now with F in the causal past of E . (b) The causal order
of the channels E and F is entangled with the state of a control
qubit. Quite counterintuitively, non-trivial phenomena take
place even if E = F are two instances of the same channel.
the maximization is over all ensembles (px, ρx)x∈X, X be-
ing a finite set, px a probability, and ρx a density operator
in L(X ). Here, S(ρ) = −Tr[ρ log ρ] is the von Neumann
entropy, with the logarithm taken in base two. Notice
that χ(E) is equal to zero if and only if the channel E is
a complete erasure channel, mapping every input state ρ
into a fixed output state ρ0. When the channel E is used
in parallel for an asymptotically large number of times,
its ability to transmit classical information is quanti-
fied by the classical capacity C(E) = limn→∞ χ(E⊗n)/n
[9, 10]. In general, one has C(E) ≥ χ(E) and therefore
the classical capacity is zero if and only if χ(E) is zero,
that is, if and only if E is a complete erasure channel.
The relevant quantity of the transmission of quantum
information is the coherent information [35], defined
as Ic(E) = maxρ∈D(HA⊗HA) Ic(A〉B)(IA⊗E)(ρ), where
Ic(A〉B)σ := S(σB) − S(σAB) is the coherent informa-
tion of a generic state σ ≡ σAB ∈ D(HA ⊗HB), and σB
denotes the marginal state σB = TrA[σAB]. When the
state σ is of the separable form σ = ∑i qi σA,i ⊗ σB,i, one
has I(A〉B)σ ≤ 0, with the equality if and only if system
A is in a pure state. This implies that entanglement-
breaking channels, which transform every state into a
separable state, have zero coherent information. When
the channel E is used in parallel for an asymptot-
ically large number of times, its ability to transmit
3quantum information is quantified by the quantum ca-
pacity Q(E) = limn→∞ Ic(E⊗n)/n. For an entanglement-
breaking channel E , the coherent information Ic(E⊗n) is
zero for every n, and therefore the quantum capacity is
zero [36, 37].
Two variants of the quantum capacity are the quantum
capacity assisted by forward classical communication
Q−→cc (E) and quantum capacity assisted by two-way clas-
sical communication Q←→cc (E) [14]. By definition, one has
the bound Q←→cc (E) ≥ Q−→cc (E) ≥ Q(E). The first upper
bound is in fact an equality Q−→cc (E) = Q(E), while the
second upper bound is generally a strict inequality [14].
In general, entanglement-breaking channels have zero
quantum capacity, even with the assistance of two-way
classical communication.
Two communication channels E and F can be com-
bined in different configurations. Classically, they can
be combined in parallel, giving rise to the product chan-
nel E ⊗ F , or in a sequence (if their inputs/outputs
match), giving rise either to the channel E ◦ F or to the
channel F ◦ E . The parallel configuration corresponds
to the scenario where the two channels are used by a
sender to communicate directly to a receiver. The se-
quential configurations correspond to scenarios where
the information sent by the sender has to travel through
two regions before reaching the receiver. More generally,
one could think of a sequential composition where a
third process R takes place in between E and F . Here
R could be a quantum repeater, which takes the out-
put of the first channel and prepares it for transmission
through the second channel.
In principle, quantum theory allows for scenarios
where two processes, E and F , take place in a quantum
superposition of two alternative orders [21]. Physically,
one can think of each process as a collision between the
information carrier and a particle in the environment
[38]. If the order of the two collisions is controlled by a
quantum variable, then the order of the two processes
E and F can be indefinite. For simplicity, consider the
case of two processes E and F transforming system A
to system B, with HA ' HB. The new quantum channel
S(E ,F ) resulting from the combination of E and F in
an order controlled by a quantum variable C is described
by the Kraus operators
Kij = EiFj ⊗ |0〉 〈0|C + FjEi ⊗ |1〉 〈1|C , (1)
where {Ei} and {Fj} are the Kraus operators of the
channels E and F , respectively, and {|0〉C, |1〉C} are
orthogonal states of system C. Note that the definition
of the channel S(E ,F ) is independent of the choice of
Kraus representation used for E and F [21].
In a communication scenario, it is sensible to assume
that the control system is not accessible to the sender, for
otherwise the sender could encode information directly
on it. In agreement with this observation, the control
system will be set to a fixed state ω, viewed as a para-
meter of the communication channel between the sender
and the receiver. The result is the effective channel
Sω(E1, E2)(ρ) =∑
i,j
Kij(ρ⊗ω)K†ij . (2)
In the following we assume that the control system
is measured and the outcome is provided to the re-
ceiver. This scenario is similar to that of quantum error
correction with classical assistance from the environ-
ment [39, 40], with the important difference that in our
work only a small part of the environment is measured,
namely the part responsible for the order of E and F .
Perfect activation of the quantum capacity. A Pauli chan-
nel E~p is a qubit channel with Kraus decomposition
E~p(ρ) = ∑3i=0 piσiρσ†i ; where ~p ≡ (p0, p1, p2, p3) is a
probability vector, σ0 is the identity matrix, and the
other σi’s are the Pauli matrices (X, Y, Z). Now, sup-
pose that two uses of the same Pauli channel E~p are
combined in the quantum SWITCH. The action of the
resulting channel can be obtained from Equations (1)
and (2), which yield
Sω(E~p, E~p)(ρ) = q+ C+(ρ)⊗ω+ + q− C−(ρ)⊗ω− , q− = 2(p1 p2 + p2 p3 + p3 p1) , q+ = 1− q−
C+(ρ) =
(
p20 + p
2
1 + p
2
2 + p
2
3
)
ρ+ 2p0 (p1 XρX + p2 YρY + p3ZρZ)
q+
C−(ρ) = 2p1 p2 ZρZ + 2p2 p3 XρX + 2p1 p3 YρYq− , ω+ = ω , ω− = ZωZ . (3)
For ω = |+〉〈+|, the final states of the control
system are the orthogonal states |+〉 and |−〉, with
|±〉 = (|0〉 ± |1〉)/√2. Hence, a measurement on the
control system can separate the two channels C+ and C−
in Equation (3). Now, the key point is that the channels
C± can be noiseless even if the original channel E~p was
noisy. If p0 is zero, channel C+ is the identity. Moreover,
if one of the three probabilities p1, p2, or p3 is zero, then
4channel C− is unitary. When both conditions are sat-
isfied, the quantum channel S|+〉〈+|(E~p, E~p) enables a
perfect, deterministic transmission of a qubit from the
sender to the receiver.
This phenomenon leads to an extreme example of
activation of the quantum capacity. Consider the
Pauli channel EXY(ρ) = 1/2 (XρX + YρY). It is im-
mediate to see that EXY is entanglement-breaking, be-
cause its action can be equivalently expressed in the
measure-and-reprepare form EXY(ρ) = |+〉〈+| 〈0|ρ|0〉+
|−〉〈−| 〈1|ρ|1〉. Hence, EXY cannot transmit quantum in-
formation, even if used infinitely many times in parallel
or in sequence, and even if arbitrary amounts of classical
communication between the sender and the receiver are
used to assist the transmission. In contrast, the quantum
channel S|+〉〈+|(EXY, EXY) has unit capacity, which is
the maximum one could obtain with a qubit input.
Remarkably, such extreme activation phenomenon
disappears if instead of the superposition of orders in
time we consider a superposition of paths in space. If
the sender sends a message along a superposition of two
paths, and each path leading to a random unitary gate
U = X, Y, chosen independently on the two paths, then
the output state will contain some ineliminable noise. In
fact, an even stronger statement holds:
Theorem 1. Suppose that a message, encoded in a d-
dimensional quantum system (d < ∞) is sent through a
superposition of N < ∞ independent channels. If all N chan-
nels are noisy, then the message cannot be perfectly decoded.
Theorem 1, proven in Appendix A, establishes the
maximal activation of the quantum capacity as a fun-
damental difference between superpositions in space
and superpositions in time. The origin of the difference
is in the fact that the superposition of orders in time,
as defined by the quantum SWITCH S(E ,F ), involves
correlations between all the subprocesses happening
within channel E (F ) in the configuration EF and all
the subprocesses happening within channel E (F ) in the
alternative configuration FE . Mathematically, the sub-
processes are described by the Kraus operators Ei and
Fj and the correlation is evident in Eq. (1). Physically,
these correlations can be understood by modelling the
channels E and F as “collisions” between the system
and two particles in the environment. When the order
of the collisions is entangled with a control qubit, the
overall process exhibits the correlations described by
the quantum SWITCH [41]. These type of correlations
are less natural in the context of superposition of paths,
where noise processes typically occur independently.
Theorem 1 strengthens an earlier observation [33],
showing that the superposition of orders can give
noiseless heralded quantum communication for channels
where the superposition of paths cannot. With respect
to this observation, Theorem 1 is an important addition
because it shows that maximal activation never happens
with the superposition of independent noisy channels,
no matter which channels are used.
It is natural to ask which quantum channels E (not
necessarily Pauli) exhibit the extreme activation phe-
nomenon showed in our example. In the qubit case, we
find that our example is essentially unique:
Theorem 2. Let E be a qubit channel such that Q(E) = 0
and Q(Sω(E , E)) = 1 for some state ω. Then, there exists a
basis in which the channel acts as E(ρ) = 1/2(XρX+YρY).
The proof, provided in Appendix B, is based on a
characterization of the channels satisfying the condition
Q(Sω(E , E)) = 1. Every such channel is either unit-
ary, or unitarily equivalent to a Pauli channel E(ρ) =
q XρX + (1− q)YρY with arbitrary probability q ∈ [0, 1].
Then, the zero-capacity condition Q(E) = 0 singles out
uniquely the Pauli channels with q = 1/2.
A weaker form of activation is the activation of the
two-way assisted quantum capacity, corresponding to
the conditions Q←→cc (E) = 0 and Q←→cc (Sω(E , E)) > 0.
Examples of this phenomenon are abundant. The con-
dition Q←→cc (E) = 0 can be guaranteed by choosing an
entanglement-breaking channel. For Pauli channels, this
happens if and only if maxi pi ≤ 1/2 [42]. The condi-
tion Q←→cc (Sω(E , E)) > 0 is equally easy to enforce: it
is enough that at least one of the two subchannels C+
and C− has non-zero quantum capacity. Indeed, the
sender can always prepare a maximally entangled state
|Φ〉 = (|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉)/√2, and send the second
qubit through the channel, thus generating a random
mixture of the states ρi = (I ⊗ Ci)(|Φ〉〈Φ|), i ∈ {+,−}.
The label of the state ρi can be classically communic-
ated by the receiver to the sender, and the action of the
channel Ci can be retrieved by using the state ρi as a re-
source for quantum teleportation [43]. This construction
shows that the two-way assisted quantum capacity of the
switched channel is Q←→cc (Sω)(E , E) = ∑i=± qi Q(Ci). In
summary, Q←→cc is non-zero whenever one of the channelsC± has non-zero quantum capacity.
As an example of activation of Q←→cc , consider the Pauli
channel EXYZ = (XρX + YρY + ZρZ)/3. This channel
is entanglement-breaking, but its subchannel C+ is the
identity, thus lending a non-zero Q←→cc to the switched
channel. As it turns out, the subchannel C− is EXYZ it-
self, and overall the two-way assisted quantum capacity
is q+ = 1/3. Interestingly, this value is achieved in the
single-shot regime, whereas the single-shot coherent in-
formation of the overall channel S|+〉〈+|(EXYZ, EXYZ) is
zero (see Appendix C). This indicates that the activation
of Q←→cc takes place independently of the activation of
the single-shot quantum capacity.
One may wonder whether the superposition of causal
orders gives rise to an even more extreme activation
phenomenon, whereby a quantum channel with zero
5classical capacity can be transformed into a channel with
non-zero quantum capacity. The following theorem an-
swers the question in the negative:
Theorem 3. For every pair of complete erasure channels E0
and F0 and for every state ω ∈ D(HC), the switched channel
Sω(E0,F0) is entanglement-breaking.
Theorem 3, proven in Appendix D, establishes a com-
plementarity between the activation of the quantum ca-
pacity and the activation of the classical capacity: every
channel that exhibits activation of the classical capacity
(from zero to non-zero) does not exhibit activation of the
quantum capacity. The theorem sets a fundamental limit
to what kind of enhancements indefinite causal order
can bring into quantum Shannon theory.
Conclusions. In this work we showed that the pos-
sibility of indefinite causal order gives rise to an ex-
treme activation phenomenon, whereby two uses of
an entanglement-breaking channel are deterministically
converted into a single use of a perfect channel. Re-
markably, such extreme form of activation cannot take
place with the superposition of paths in space, as long
as the processes encountered along different paths are
independent and the number of paths is finite. This
observation is particularly relevant in light of the obser-
vation that some of the benefits of the superposition of
orders can be obtained also through the superposition
of paths in space [44]. While the advantages in both
scenarios are due to quantum interference, our findings
highlight a fundamental difference between the type
of interference arising from independent channels in
a superposition of alternative paths and independent
channels in a superposition of alternative orders.
Besides the activation of the quantum capacity, we
also showed activation of the quantum capacity assisted
by two-way classical communication, providing a sys-
tematic way to construct examples of channels that ex-
hibit this activation. Finally, we showed that, despite
the counterintuitive phenomena reported in this paper
and in other recent works [32–34], the phenomenon of
causal activation is subject to a general no-go theorem:
no quantum channel with zero classical capacity can
gain a non-zero quantum capacity with the assistance
of the quantum SWITCH. This result establishes a com-
plementarity between the activation of the quantum
capacity and the activation of the classical capacity.
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Appendix A: Proof of Theorem 1
Here we consider the scenario where a message, encoded into the state of a d-dimensional quantum system
(d < ∞), is transmitted along a superposition of N < ∞ paths, on which it encounters N noisy channels. Under
the assumption that the N channels act independently of one another, we show that a perfect transmission of the
message is impossible. In other words, we show that no decoding operation can retrieve the message without error.
Let {E (j)}Nj=1 be N channels acting on a d-dimensional quantum system S. Suppose that a system can travel along
one of N alternative paths, encountering channel E (j) on the j-th path. Suppose that the path degree of freedom,
denoted by P, is initialized in the state
|φ〉 =
N
∑
j=1
φj |j〉 , (A1)
where the states {|j〉}Nj=1 label the N alternative paths. The effective evolution from the input system S to the output
6system S⊗ P is described by a channel E with Kraus operators
Ei1i2 ...iN =
N
∑
j=1
φj α
(1)
i1
· · · α(j−1)ij−1 E
(j)
ij
α
(j+1)
ij+1
· · · α(N)iN ⊗ |j〉 , (A2)
where E(j) = {E(j)ij } is a Kraus representation of the j-th channel, and A(j) = {α
(j)
ij
} are complex coefficients such
that
∑
ij
∣∣α(j)ij ∣∣2 = 1 ∀j = {1, . . . , N} . (A3)
Physically, the pair
(
E(j), A(j)
)
defines an extension of channel E (j) to a larger system, including the original
d-dimensional system and the vacuum [45].
Equation (A2) defines the superposition of N channels. We now show that the superposition of N noisy channels
is not a correctable channel, meaning that the message cannot be perfectly decoded.
Proof of Theorem 1. Without loss of generality, we assume that each coefficient φj in the state (A1) is non-zero.
The channel E has a d-dimensional input and a (Nd)-dimensional output. Now, in order to be correctable on every
input, E cannot have more than N linearly independent Kraus operators (see e.g. [46]). Now, we show that a
superposition of N independent noisy channels must have at least N + 1 linearly independent Kraus operators, and
therefore cannot be correctable.
The normalization of the amplitudes (A3) guarantees that there exists one value pj such that α
(j)
pj 6= 0. On the other
hand, the fact that channel E (j) is noisy implies that there exists at least one value qj such that the Kraus operators
E(j)pj and E
(j)
qj are linearly independent. Now, consider the N + 1 Kraus operators
E0 := Ep1···pN
E1 := Eq1 p2···pN
E2 := Ep1q2 p3···pN
EN := Ep1···pN−2qN−1 pN . (A4)
It is not hard to see that they are linearly independent: if {ck}Nk=0 are coefficients such that ∑k ck Ek = 0, we can
multiply by (I ⊗ 〈j|) on the left, obtaining the relation
cj φj α
(1)
p1 · · · α(j−1)pj α(j+1)pj · · · α(N)pN E(j)qj + c˜j E(j)pj = 0 , (A5)
where c˜j is a suitable constant. Since the operators E
(j)
qj and E
(j)
pj are linearly independent, we must have
cj φj α
(1)
p1 · · · α(j−1)pj α(j+1)pj · · · α(N)pN = 0, which in turn implies cj = 0 because φj and the coefficients α(j)pj are nonzero. In
this way, we obtain cj = 0 for every j = 1, . . . , N. Since the operator E0 is non-zero, we also have c0 = 0.
In summary, the superposition channel E has at least N + 1 linearly independent operators, and therefore it cannot
be corrected.
Appendix B: Proof of Theorem 2
Here we characterize the qubit channels that give rise to maximum activation when used in the quantum SWITCH,
that is, the qubit channels E such that Q(E) = 0 and Q(Sω(E , E)) = 1. To this purpose, we first characterize the
qubit channels such that Q(Sω(E , E)) = 1.
Lemma 1. Let C be a generic channel with input A and output B, of dimensions dA and dB, respectively. Then, the condition
Q(C) = log dA holds if and only if C is correctable, i.e. if and only if there exists a recovery channel R, with input B and
output A, such that R ◦ C = IA.
Proof. The “if" part is trivial: clearly, a correctable channel has capacity Q(C) = log dA. For the “only if” part, we
use the Holevo-Werner upper bound Q(C) ≤ log ‖TB ◦ C‖, where TB denotes the transpose map on system B, and
7‖∆‖ denotes the diamond norm of a generic Hermitian-preserving map ∆ [36]. Note that the upper bound can be
equivalently written as Q(C) ≤ log ‖D ◦ TA‖ with D = TB ◦ C ◦ TA.
Now, suppose that Q(C) = log dA. Using the notation |A〉〉 = (A⊗ I) |I〉〉, |I〉〉 = ∑n |n〉 ⊗ |n〉, we obtain
dA = 2Q(C)
≤ ‖D ◦ TA‖
= sup
|Ψ〉〉∈HA⊗HA
∥∥(IA ⊗D ◦ TA)(|Ψ〉〉〈〈Ψ|) ∥∥1
≤ sup
|Ψ〉〉∈HA⊗HA
∥∥(IA ⊗ TA)(|Ψ〉〉〈〈Ψ|) ∥∥1 (B1)
= sup
Ψ∈L(HA) ,Tr[Ψ†Ψ]=1
∥∥∥A(Ψ)+ − A(Ψ)− ∥∥∥1 , A(Ψ)± = (Ψ⊗ IA) P±(Ψ† ⊗ IA) , P± = I⊗2 ± SWAP2
≤ sup
Ψ∈L(HA) ,Tr[Ψ†Ψ]=1
∥∥∥A(Ψ)+ ∥∥∥1 + ∥∥∥A(Ψ)− ∥∥∥1 (B2)
= sup
Ψ∈L(HA) ,Tr[Ψ†Ψ]=1
Tr[(Ψ†Ψ⊗ IA)P+] + Tr[(Ψ†Ψ⊗ IA)P−]
= dA , (B3)
where Equation (B1) follows from the contractivity of the trace norm under the action of quantum channels and
Equation (B2) follows from the triangle inequality of the trace norm.
Now, in order for Equation (B5) to hold, all intermediate inequalities must be saturated. Inequality (B2) is saturated
if and only if the operators A(Ψ)+ and A
(Ψ)
− have orthogonal support, that is, if and only if Tr
[
A(Ψ)+ A
(Ψ)
−
]
= 0. Explicitly,
we have
Tr
[
A(Ψ)+ A
(Ψ)
−
]
= Tr[(ρ⊗ IA) P+(ρ⊗ IA) P−] , ρ = Ψ†Ψ
≥
(
〈φ| ⊗ 〈φ|ρ
)
P−
(
|φ〉 ⊗ ρ|φ〉
)
, ∀|φ〉 ∈ HA , 〈φ|φ〉 = 1 . (B4)
Note that the right-hand side is zero if and only if ρ|φ〉 is proportional to |φ〉 for every |φ〉 ∈ HA, that is, if and only
if ρ = IA/dA. In other words, the state |Ψ〉〉 must be maximally entangled.
For the canonical maximally entangled state |Ψ〉 = ∑dAn=1 |n〉 ⊗ |n〉/
√
dA, the Holevo-Werner bound yields the
chain of inequalities
dA ≤ ‖(IA ⊗D ◦ TA)(|Ψ〉〈Ψ|)‖1
=
1
dA
‖(IA ⊗D)(P+)− (IA ⊗D)(P−)‖1
=
1
dA
(
‖(IA ⊗D)(P+)‖1 − ‖(IA ⊗D)(P−)‖1
)
(B5)
≤ 1
dA
(
d+ + d−
)
= dA , (B6)
which again implies that all inequalities must be saturated. In particular, the triangle inequality (B5) must hold
with the equality sign, meaning that the operators (IA ⊗D)(P+) and (IA ⊗D)(P−) must have orthogonal support,
namely
Tr
[
(IA ⊗D)(P+) (IA ⊗D)(P−)
]
= 0 . (B7)
Expanding the channel D in a Kraus representation D(ρ) = ∑i DiρD†i , and using the fact that each map Di · D†i is
completely positive, we obtain the condition
Tr
[
(IA ⊗ D†j Di) P+(IA ⊗ D†i Dj)P−
]
= 0 ∀i, ∀j , (B8)
8which in turn implies (
〈φ| ⊗ 〈φ|D†i Dj
)
P−
(
|φ〉 ⊗ D†j Di|φ〉
)
= 0
∀i , ∀j , ∀|φ〉 ∈ HA , 〈φ|φ〉 = 1 . (B9)
The above equation is satisfied if and only if the vector D†j Di|φ〉 is proportional to |φ〉, that is, if and only if
D†j Di|φ〉 = σij I, for some proportionality constant σij ∈ C. This is nothing but the Knill-Laflamme condition for
error correction [47]. Hence, there must exists a recovery channel R such that R ◦D = IA. Recalling that D is equal
to TB ◦ C ◦ TA, we then obtain the chain of equalities
IA = TA ◦ TA
= TA ◦ (R ◦D) ◦ TA
= (TA ◦ R ◦ TB) ◦ C ◦ (TA ◦ TA)
= R˜ ◦ C , R˜ = TA ◦ R ◦ TB . (B10)
Since R˜ is a quantum channel, we conclude that C is correctable.
Lemma 1 implies that the quantum capacity Q(Sω(E , E)) is maximal if and only if the channel Sω(E , E) is
correctable. A necessary condition for the correctability of Sω(E , E) is provided by the following (elementary)
Lemma:
Lemma 2. Let E be a channel from a generic quantum system A (of dimension dA ≥ 2) to itself, and let E(ρ) = ∑ri=1 EiρE†i
be a Kraus representation for E . If the channel Sω(E , E) is correctable for some state ω, then the channel S|γ〉〈γ|(E , E) is
correctable for every |γ〉 in the support of ω, and the same recovery channel works for Sω(E , E) and S|γ〉〈γ|(E , E).
Proof. If |γ〉 is in the support of ω, then ω can be decomposed as ω = t |γ〉〈γ|+ (1− t)σ, where t > 0 is a non-
zero probability and σ is a suitable density matrix. By linearity, one has Sω(E , E) = t S|γ〉〈γ|(E , E) + (1− t) Sσ(E , E).
Now, let R be a recovery channel for Sω(E , E). The decomposition of Sω(E , E) implies the condition
IA = R ◦ Sω(E , E)
= tR ◦ S|γ〉〈γ|(E , E) + (1− t)R ◦ Sω(E , E) . (B11)
Since the identity is an extreme point of the set of quantum channels, the above condition implies S|γ〉〈γ|(E , E) = IA.
This proves that S|γ〉〈γ|(E , E) is correctable and admits the same recovery channel as Sω(E , E).
For a pure state ω = |γ〉〈γ| with |γ〉 = c0 |0〉+ c1 |1〉, the Kraus operators of the channel Sω(E , E) are
Kij = c0 EiEj ⊗ |0〉+ c1 EjEi ⊗ |1〉 (B12)
and the Knill-Laflamme condition reads
p (EiEj)†(EmEn) + (1− p)(EjEi)†(EnEm) = σmn,ij IA , (B13)
where σ is a density matrix and p = |c0|2.
We now show that the Knill-Laflamme condition (B13) implies that the Kraus representation of E contains at most
two linearly independent operators.
Lemma 3. For every unit vector |γ〉 ∈ C2, if the switched channel S|γ〉〈γ|(E , E) satisfies the Knill-Laflamme condition (B13),
then E has at most two linearly independent Kraus operators.
Proof. For an arbitrary channel C with arbitrary input and output Hilbert spaces Hin and Hout, error correction
on arbitrary inputs is possible only if quantum packing bound
dout ≥ r × din , (B14)
is satisfied (see e.g. [46]), where dout and din are the dimensions of Hout and Hin, respectively, and r is the number of
linearly independent Kraus operators of the channel C. For the switched channel S|γ〉〈γ|(E , E), we have din = d and
dout = 2d. Hence, we have the bound
rswitch ≤ 2 , (B15)
9where rswitch is the number of linearly independent Kraus operators of S|γ〉〈γ|(E , E). We now show that also
the original channel E can have at most 2 linearly independent Kraus operators. To this purpose, consider the
Knill-Laflamme condition (B13) and set i = j = m = n. With this choice, we obtain (E†i )
2(Ei)2 = σii,ii I for every i,
which implies that each non-zero Kraus operator Ei is invertible. Now, suppose that E has r linearly independent
Kraus operators (Ei)ri=1. For every fixed j, the operators (EiEj)
r
i=1 must be linearly independent, and so must be the
operators (EjEi)ri=1. Hence, also the operators (c0 EiEj ⊗ |0〉+ c1 EjEi ⊗ |1〉)ri=1 must be linearly independent. This
means that the switched channel Sω(E , E) has at least r linearly independent Kraus operators, namely
rswitch ≥ r . (B16)
In conclusion, we obtained the bound r ≤ 2.
Equipped with the above lemmas, we are now ready to characterize the qubit channels leading to maximal
capacity in the quantum SWITCH:
Theorem 4. For a qubit channel E , the unit-capacity condition Q(Sω(E , E)) = 1 is satisfied if and only if one of the following
conditions is satisfied
1. the channel E is unitary
2. the control qubit is in a pure state |γ〉 with |〈0|γ〉| = |〈1|γ〉| and the channel E is of the random-unitary form
E(ρ) = qU1ρU1 + (1− q)U2ρU2, where q ∈ [0, 1] is a probability, and Ui, i ∈ {1, 2} are traceless self-adjoint unitary
operators.
Proof. Let us start from the“if” part. If E is unitary, the channel Sω(E , E) is equal to E ⊗ω and can be corrected
by discarding the control system and applying the inverse of E . Now, suppose that the channel E is of the form
E(ρ) = qU1ρU1 + (1− q)U2ρU2, with self-adjoint unitaries U1 and U2. For qubits, every traceless self-adjoint
unitary operator is of the form U = mx X + my Y + mz Z =: m · σ, where m = (mx, my, mz) ∈ R3 is a unit vector
and σ = (X, Y, Z). In this representation, one has U1U2 = (m1 ·m2) I + i(m1 ×m2) · σ, where m1 and m2 are
the unit vectors associated to U1 and U2, respectively, and (m1 ×m2) is the vector product. Similarly, one has
U2U1 = (m1 ·m2) I − i(m1 ×m2) · σ Using this fact, the Kraus operators of the switched channel (B12) can be
written as
K11 = q I ⊗ |γ+〉 K12 =
√
q(1− q)
[
(m1 ·m2) I ⊗ |γ+〉+ i(m1 ×m2) · σ ⊗ |γ−〉
]
K22 = (1− q) I ⊗ |γ+〉 K21 =
√
q(1− q)
[
(m1 ·m2) I ⊗ |γ+〉 − i(m1 ×m2) · σ ⊗ |γ−〉
]
, (B17)
with |γ+〉 := |γ〉 and |γ−〉 := Z|γ〉. Now, the condition |〈0|γ〉| = |〈1|γ〉| guarantees that the states |γ+〉 and
|γ−〉 are orthogonal. Then, the switched channel can be corrected by measuring the control qubit on the basis
{|γ+〉, |γ−〉}, and, conditionally on the outcome, performing either the identity gate, or the unitary gate k · σ, with
k = (m1 ×m2)/‖m1 ×m2‖. This conclude the proof of the “if” part.
We now prove the “only if” part. Assume that there exists a state ω such tht the quantum capacity of the switched
channel Sω(E , E) is maximal. Then, Lemma 1 implies that the channel Sω(E , E) is correctable. Furthermore, Lemma
2 implies that the channel S|γ〉〈γ|(E , E) is correctable for every |γ〉 ∈ Supp(ω). In the following, we will fix a state
|γ〉 ∈ Supp(ω) and we will consider the channel S|γ〉〈γ|(E , E).
Lemma 3 guarantees that channel E has a Kraus representation with only two Kraus operators E1 and E2. Setting
i = j = m = n in Eq. (B13), we obtain the relation (E†i )
2(Ei)2 = σiiii I, meaning that each operator E2i is proportional
to a unitary gate.
We now characterize the operators O such that O2 is unitary. The condition
(O†)2O2 = I (B18)
implies that O is invertible and that one has
O†O = (O†)−1O−1 . (B19)
In terms of the singular value decomposition O = ∑i
√
λi |vi〉〈wi|, the above relation reads
∑
i
λi |wi〉〈wi| =∑
i
1
λi
|vi〉〈vi| . (B20)
For two-dimensional systems, this means that there are only two possibilities:
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1. λi = 1 ∀i. In this case, O is unitary.
2. λ1 6= 1 and λ2 = 1/λ1. In this case, one must have |v1〉 ∝ |w2〉 and |v2〉 ∝ |w1〉. In short, O is of the form
O = a|v1〉〈v2|+ b|v2〉〈v1|, with |a||b| = 1.
Case 1. The channel E is of the random-unitary form E(ρ) = q U1ρU†1 + (1− q)U2ρU†2 for some probability
q ∈ (0, 1) and some pair of unitary gates U1 and U2. Choosing i = j = 1 and m = n = 2 in Eq. (B13) we obtain
(U21)
†U22 ∝ I, or equivalently, U
2
1 ∝ U
2
2 . Then, there are two possibilities: either U
2
1 ∝ U
2
2 ∝ I, or the unitaries U1
and U2 have the form U1 = eiθ1
(|v1〉〈v1|+ eiθ |v2〉〈v2|) and U2 = eiθ2 (|v1〉〈v1| − eiθ |v2〉〈v2|). In the second case the
unitaries U1 and U2 commute, and therefore the Knill-Laflamme condition (B13) is reduced to the Knill-Laflamme
condition for the channel E2. In turn, the correctablity of channel E2 implies the correctability of E , which means
that E must be unitary.
The other possibility is U21 ∝ U
2
2 ∝ I, meaning that the unitaries U1 and U2 are proportional to self-adjoint unitaries.
Since the proportionality constant is an irrelevant global phase, we can discard it without loss of generality. Hence,
we can take the unitaries U1 and U2 to be self-adjoint. If the unitaries U1 and U2 are proportional, we end up again
in the situation where E is a unitary channel. If the unitaries U1 and U2 are linearly independent, we now show
that the state ω must be pure, namely ω = |γ〉〈γ|, and in addition the pure state |γ〉 must satisfy the condition
|〈0|γ〉| = |〈1|γ〉|. First of all, we observe that the condition |〈0|γ〉| = |〈1|γ〉| must be satisfied by every pure state in
the support of ω. Indeed, we can set i = j and m 6= n in the Knill-Laflamme condition (B13), obtaining
p U1U2 + (1− p)U2U1 ∝ I . (B21)
Using the expressions U1U2 = (m1 ·m2) I + i(m1 ×m2) · σ and U2U1 = (m1 ·m2) I − i(m1 ×m2) · σ we obtain the
condition
(m1 ·m2) I + (2p− 1) i(m1 ×m2) · σ ∝ I . (B22)
The second term in the sum is traceless, and therefore orthogonal to the identity operator. Hence, condition (B22)
requires that this term vanish. Since m1 and m2 are not proportional to each other, the only option is to have
p = 1/2.
Now, let us show that ω must be pure. The proof proceeds by contradiction. Suppose that ω = λ|γ〉〈γ|+ (1−
λ) |γ′〉〈γ′|, for two linearly independent states |γ〉 and |γ′〉 and for some probability λ ∈ (0, 1). Then, Equation
(B17) applied to the channels S|η〉〈η|(E , E) and S|η′〉〈η′ |(E , E) implies that the channel Sω(E , E) = λ S|η〉〈η|(E , E) +
(1− λ) S|η′〉〈η′ |(E , E) has eight Kraus operators
K11 =
√
λ q I ⊗ |γ+〉 K12 =
√
λ q(1− q)
[
(m1 ·m2) I ⊗ |γ+〉+ i(m1 ×m2) · σ ⊗ |γ−〉
]
K22 =
√
λ (1− q) I ⊗ |γ+〉 K21 =
√
λ q(1− q)
[
(m1 ·m2) I ⊗ |γ+〉 − i(m1 ×m2) · σ ⊗ |γ−〉
]
K33 =
√
1− λq I ⊗ |γ′+〉 K34 =
√
(1− λ) q(1− q)
[
(m1 ·m2) I ⊗ |γ′+〉+ i(m1 ×m2) · σ ⊗ |γ′−〉
]
K44 =
√
1− λ (1− q) I ⊗ |γ′+〉 K43 =
√
(1− λ) q(1− q)
[
(m1 ·m2) I ⊗ |γ′+〉 − i(m1 ×m2) · σ ⊗ |γ′−〉
]
,
(B23)
with |γ+〉 = |γ〉 , |γ′+〉 = |γ′〉 , |γ−〉 = Z|γ〉, and |γ′−〉 = Z|γ′〉. Now, the operators K11, K12, and K33 are linearly
independent. By Lemma 3, this implies that the channel Sω(E , E) is not correctable.
Summarizing, the unit capacity condition Q(Sω)(E , E)) = 1 implies that either E is unitary, or E is a mixture
of (reversible channels corresponding to) two self-adjoint unitaries U1 and U2. Moreover, if the two self-adjoint
unitaries U1 and U2 are linearly independent, then the state ω must be pure.
Case 2. The channel E is of the form E(ρ) = AρA† + BρB†, with A = a|v1〉〈v2|+ b|v2〉〈v1| and B = c|v1〉〈v2|+
d|v2〉〈v1| and |a|2 + |c|2 = |b2|+ |d2| = 1. Its Choi operator is E = |A〉〉〈〈A|+ |B〉〉〈〈B|, where the vector |A〉〉 ∈
C2 ⊗C2 is defined as |A〉〉 = (A⊗ I) |I〉〉, with |I〉〉 = ∑n |n〉 ⊗ |n〉. In the two-dimensional subspace spanned by the
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vectors |v1〉 ⊗ |v2〉 and |v2〉 ⊗ |v1〉, the Choi operator has the matrix representation
E =
(|a|2 ab
ba |b|2
)
+
(|c|2 cd
dc |d|2
)
=
(
1 c
c 1
)
c := ab + cd
=
(
1 0
0 e−iθ
)
E′
(
1 0
0 eiθ
)
, eiθ =
c
|c| , E
′ =
(
1 |c|
|c| 1
)
. (B24)
Now, the matrix E′ can be expressed as E′ = 1+|c|2
(
1 1
1 1
)
+ 1−|c|2
(
1 −1
−1 1
)
. This means that E′ is the Choi operator
of the random unitary channel
E ′(ρ) = 1+ |c|
2
U′1ρU
′†
1 +
1+ |c|
2
U′2ρU′†2 , (B25)
with U′1 = |v1〉〈v2|+ |v2〉〈v1| and U′2 = |v1〉〈v2| − |v2〉〈v1|. From Eq.(B24), one can see that the channel E is given by
E(ρ) = 1+ |c|
2
U1ρU†1 +
1− |c|
2
U2ρU†2 , (B26)
with U1 = |v1〉〈v˜2|+ |v˜2〉〈v1|, U2 = |v1〉〈v˜2| − |v˜2〉〈v1|, and |v˜2〉 = e−iθ |v2〉. In summary, the channel E is random
unitary. This brings us back to Case 1.
Corollary 1. A qubit channel E satisfies Q(Sω(E , E)) = 1 for some state ω if and only if E is unitary, or the random-unitary
form E(ρ) = q (UXU†) ρ (UXU†) + (1− q) (UYU†) ρ (UYU†), where q ∈ [0, 1] is a probability, U is an arbitrary unitary
gate, and X and Y are Pauli matrices.
Proof. Theorem 4 states that E must be unitary, or of the form E(ρ) = q U1ρU1 ρ + (1− q)U2 ρU2, where U1 and
U2 are self-adjoint unitaries. In the second case, the Choi operator is given by E = q|U1〉〉〈〈U1|+ (1− q)|U2〉〉〈〈U2|.
Now, since the unitaries U1 and U2 are self-adjoint, the product 〈〈U1|U2〉〉 = Tr[U1U2] is a real number. This means
that the Gram-Schmidt construction applied to {|U1〉〉, |U2〉〉} yields an orthonormal basis {|Ψ1〉, |Ψ2〉} where the
vectors |Ψ1〉 and |Ψ2〉 are linear combinations of |U1〉〉 and |U2〉〉 with real coefficients. In this basis, the Choi operator
can be written as a real symmetric matrix. Hence, it can be diagonalized as E = λ1|Φ1〉〈Φ1|+ λ2|Φ2〉〈Φ2|, where
|Φ1〉 and |Φ2〉 are linear combinations of |U1〉〉 and |U2〉〉 with real coefficients. Equivalently, the channel E can be
decomposed as E(ρ) = λ1 A1ρA†1 + λ2 A2ρA†2 where A1 and A2 are real linear combinations of U1 and U2. Now,
note that every real linear combination of self-adjoint unitaries is proportional to a self adjoint unitary. Indeed, one
has (c1U1 + c2U2)2 = (c21 + c
2
2) I + c1c2(U1U2 +U2U1) = (c
2
1 + c
2
2) I + 2c1c2 m1 ·m2 I, having used the expressions
U1U2 = (m1 ·m2) I + i(m1 ×m2) · σ and U2U1 = (m1 ·m2) I − i(m1 ×m2) · σ. Thanks to this observation, we
know that the operators A1 and A2 are proportional to self-adjoint unitaries, say A1 = α1 n1 · σ and A2 = α2 n2 · σ,
for proportionality constants αi > 0 and unit vectors ni ∈ R3, i ∈ {1, 2}. Finally, note that every two orthogonal
self-adjoint qubit unitaries are of the form UXU† and UYU† for suitable unitary U.
Corollary 1 implies that the example of perfect activation showed in this paper is unique up to a choice of basis, in
the following sense:
Corollary 2. A qubit channel E satisfies the conditions Q(E) = 0 and Q(Sω(E , E)) = 1 for some state ω if and only if there
exists a unitary matrix U such that E(ρ) = 1/2(UXU†) ρ (UXU†) + 1/2(UYU† ρ (UYU†).
Proof. Corollary 1 states that E is either unitary or of the form E(ρ) = q(UXU†) ρ (UXU†) + (1 −
q)(UYU† ρ (UYU†) for some probability q. The unitary option is ruled out by the zero-capacity condition Q(E) = 0.
Likewise, all probability values except q = 1/2 are ruled out by the zero-capacity condition, by recalling the hashing
bound Q(E) ≥ 1− h(q) [48], where h(q) = −q log q− (1− q) log(1− q) is the binary entropy.
Appendix C: Proof that the switched channel S|+〉〈+|(EXYZ, EXYZ) has zero one-shot coherent information
Let E~p be a generic Pauli channel and let ρAB be a generic state of a composite system AB, consisting of two
identical subsystems A and B. When system B evolves under the switched channel Sω(E~p, E~p) with ω = |+〉 〈+|,
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the output state is
Sω(E~p, E~p)(ρAB) = q+C+(ρAB)⊗ |+〉 〈+|+ q−C−(ρAB)⊗ |−〉 〈−|
= q+C+(ρAB)⊕ q−C−(ρAB) (C1)
with
q− = 2(p1 p2 + p1 p3 + p2 p3) q+ = 1− q−
C+(ρAB) = |~p|
2 ρAB + 2p0 [p1 (1⊗ X)ρAB(1⊗ X) + p2 (1⊗Y)ρAB(1⊗Y) + p3(1⊗ Z)ρAB(1⊗ Z)]
q+
, |~p|2 =
3
∑
i=0
p2i ;
C−(ρAB) = 2p1 p2 (1⊗ Z)ρAB(1⊗ Z) + 2p2 p3 (1⊗ X)ρAB(1⊗ X) + 2p1 p3 (1⊗Y)ρAB(1⊗Y)q− . (C2)
Then, the one-shot coherent information of the switched channel is
Ic
(
Sω(E~p, E~p)
)
= max
ρAB
[
H(B)Sω(E~p ,E~p)(ρAB) − H(AB)Sω(E~p ,E~p)(ρAB)
]
= H(B)Sω(E~p ,E~p)(ψ+AB) − H(AB)Sω(E~p ,E~p)(ψ+AB)
= 1− q+H(AB)C+(ψ+AB) − q−H(AB)C−(ψ+AB)
= 1− q+
(
−|~p|
2
q+
log
|~p|2
q+
−
3
∑
i=1
2p0 pi
q+
log
2p0 pi
q+
)
− q−
(
−
3
∑
i<j; i,j=1
2pi pj
q−
log
2pi pj
q−
)
= 1+ |~p|2 log |~p|
2
q+
+
3
∑
i=1
2p0 pi log
2p0 pi
q+
+
3
∑
i<j; i,j=1
2pi pj log
2pi pj
q−
. (C3)
Here the second equality follows since maximally entangled states optimize the coherent information whenever it is
nonzero [49]. If the coherent information of the maximally entangled state is negative, then the maximum is zero
(achieved by any input state of the product form ρAB = |α〉〈α| ⊗ ρB). The third equality is due to the direct sum
structure of the channel Sω(E~p, E~p). The fourth equality follows since the output states of AB are diagonal in the
Bell basis for both the sub-channels C+ and C−.
Eq. (C3) for the channel EXYZ turns out that Ic (Sω(EXYZ, EXYZ)) = 0.
Appendix D: Proof of Theorem 3
Proof. Since the set of complete erasure channels is convex, it is enough to prove the theorem for its extreme
points, consisting of complete erasure channels of the form E0(ρ) = |φ〉〈φ| and F0(ρ) = |ψ〉〈ψ|.
Let us denote by A the input system of the channels E0 and F0, by B the output system, and by C the control
qubit. The local action of the channel Sω(E0,F0) on the maximally entangled state |Φ+〉 = ∑dn=1 |n〉A ⊗ |n〉A/
√
d
yields the Choi state
Γ(ω,φ,ψ)ABC :=
[
(IA ⊗ Sω) (E0,F0)
]
(|Φ+〉〈Φ+|)
=
2
d
Σ(ω,φ,ψ)ABC +
d− 2
d
Θ(ω,φ,ψ)ABC , (D1)
with
Σ(ω,φ,ψ)ABC =
1
2
(
ω00 PA ⊗ |φ〉〈φ|B ⊗ |0〉〈0|C
+ω01 |φ〉〈ψ|A ⊗ |φ〉〈ψ|B ⊗ |0〉〈1|C
+ω10 |ψ〉〈φ|A ⊗ |ψ〉〈φ|B ⊗ |1〉〈0|C
+ ω11 PA ⊗ |ψ〉〈ψ|B ⊗ |1〉〈1|C
)
, (D2)
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and
Θ(ω,φ,ψ)ABC = ω00
(
I − P
d− 2
)
A
⊗ |φ〉〈φ|B ⊗ |0〉〈0|C
+ω11
(
I − P
d− 2
)
A
⊗ |ψ〉〈ψ|B ⊗ |1〉〈1|C (D3)
P being the projector on Span{|φ〉, |ψ〉}. Note that the state Θ(ω,φ,ψ)ABC is separable. Moreover, the state Σ
(ω,φ,ψ)
ABC can be
expressed as Σ(ω,φ,ψ)ABC = (IA ⊗VC)Ξ
(ω,φ,ψ)
AC (IA ⊗V†C), with VC = |φ〉B ⊗ |0〉〈0|C + |ψ〉B ⊗ |1〉〈1|C and
Ξ(ω,φ,ψ)AC =
1
2
(
ω00 PA ⊗ |0〉〈0|C
+ω01 |φ〉〈ψ|A ⊗ |0〉〈1|C
+ω10 |ψ〉〈φ|A ⊗ |1〉〈0|C
+ ω11 PA ⊗ |1〉〈1|C
)
. (D4)
Now, the state Ξ(ω,φ,ψ)AC satisfies the relation
[
Ξ(ω,φ,ψ)AC
]TC
= Ξ(ω
T ,ψ,φ)
AC , where TC is the partial transpose on system C.
As a consequence, the state Ξ(ω,φ,ψ)AC has positive partial transpose. Since its marginal on system A has support in the
two-dimensional subspace Span{|φ〉, |ψ〉}, we can use the Peres-Horodecki criterion [50], which ensures that the
state Ξ(ω,φ,ψ)AC is separable. This also implies that the state Σ
(ω,φ,ψ)
ABC is separable with respect to the bipartition A vs
BC, because Σ(ω,φ,ψ)ABC is obtained from Ξ
(ω,φ,ψ)
AC through a local operation on C. In summary, the Choi state Γ
(ω,φ,ψ)
ABC
is separable. Using the characterization of Ref. [51], we conclude that the channel Sω(E0,F0) is entanglement-
breaking.
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